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Abstract. A (2, l)-total labeling of a graph G is an assignment / from the vertex set V(G) and the edge set 
E(G) to the set (0, 1, ... , k] of nonnegative integers such that \f(x) - /(y)| > 2 if x is a vertex and y is an edge 
incident to x, and \f(x) - f(y)\ > 1 if x and y are a pair of adjacent vertices or a pair of adjacent edges, for 
all x and y in V(G) U E(G). The (2, l)-total labeling number A^(G) of a graph G is defined as the minimum 
k among all possible assignments. In |4), Chen and Wang conjectured that all outerplanar graphs G satisfy 
(G) < A(G) + 2, where A(G) is the maximum degree of G, while they also showed that it is true for G with 
A(G) > 5. In this paper, we solve their conjecture completely, by proving that A? 2 (G) < A(G) + 2 even in the 
case of /1(G) < 4. 

1 Introduction 

In the channel/frequency assignment problems, we need to assign different frequencies to 'close' transmitters so 
that they can avoid interference. The L(p, g)-labelings of a graph have been widely studied as one of important 
graph theoretical models of this problem. An L(p, q)-labeling of a graph G is an assignment / from the vertex 
set V(G) to the set {0, 1, ... , k] of nonnegative integers such that \f(x) - f(y)\ > p if x and y are adjacent and 
\f(x) - f(y)\ > q if x and y are at distance 2, for all x and y in V(G). We call this invariant (i.e., the minimum 
value k) the L(p, q)-labeling number and denote it by A pq {G). Notice that we can use k + 1 different labels when 
Ap,q(G) = k since we can use as a label for conventional reasons. We can find many results on L(p, <7)-labelings 
in comprehensive surveys by Calamoneri [3 1 and by Yeh |fl6l . 

In lfl"5 1. Whittlesey et al. studied the L(2, l)-labeling number of incidence graphs, where the incidence graph 
of a graph G is the graph obtained from G by replacing each edge (v,, vj) with two edges (v,-, Vy) and (vy, vj) 
introducing one new vertex Vy. Observe that an L(p, l)-labeling of the incidence graph of a given graph G can 
be regarded as an assignment / from V(G) U E(G) to the set {0,1,..., (} of nonnegative integers such that 
\f( x ) - f(y)\ ^ P if x is a vertex and y is an edge incident to x, and \ f(x) —f(y)\ > 1 if x and y are a pair of adjacent 
vertices or a pair of adjacent edges, for all x and y in V(G) U E(G). Such a labeling of G is called a (p, \)-total 
labeling of G, introduced by Havet and Yu [7 8|. The (p, \)-total labeling number is defined as the minimum 
value {, and denoted by A T p (G). 

Notice that a (1, l)-total labeling of G is equivalent to a total coloring of G. Generalizing the Total Coloring 
Conjecture 121 131 . Havet and Yu |7 8 1 conjectured that 

A T p {G)<A{G) + 2p-\ (1) 

holds for any graph G, where A(G) denotes the maximum degree of a vertex in G. They also showed that (i) 
Ajj(G) < min{2zf(G) + p — I, ^(G) + x'(G) + p - 2} for any graph G where ^(G) and^'(G) denote the chromatic 
number and the chromatic index of G, respectively, (ii) Al (G) < 2A(G) if p — 2 and A(G) > 2, (iii) (G) < 
2A(G) — 1 if p = 2 and A(G) is an odd > 5, and (iv) A T p {G) < n + 2p - 2 if G is the complete graph where 
n - |V(G)|; the conjecture (Q~|i is true if (a) p > A(G), (b) p — 2 and A(G) < 3, or (c) G is the complete graph. 
By (i), it follows that A T p {G) < A(G) + p for any bipartite graph Ifll7l8l (by *(G) < 2 and X \G) = A(G) gj). 
Also, Bazzaro et al. [1] investigated that Aj } (G) < A(G) + p + s for any s-degenerated graph (by ^(G) < s + 1 
and^'(G) < A(G) + 1 lfl2l j. where an s-degene rated graph G is a graph which can be reduced to a trivial graph 
by successive removal of vertices with degree at most s, and that A T p {G) < A(G) + p + 3 for any planar graph (by 



the Four-Color Theorem). They also showed sufficient conditions about A(G) and girth for which the conjecture 
([1) holds. In IfTTI . Montassier and Raspaud proved that Aj,(G) < A(G) + 2p - 2 when p > 2 and A(G) and the 
maximum average of G degree satisfy some conditions. In [ 10], Lih et al. showed that A T p (G) < {2>A{G)I2\ +4p-3 
for any graph G. They also investigated A^{K„ hn ) of the complete bipartite graphs K„ hn . 

Let G be an outerplanar graph. In |Q]], Bazzaro et al. pointed out that A T p (G) < A(G) +p + 1 for any outerplanar 
graph other than an odd cycle, since any outerplaner graph is 2-degenerated, and any outerplaner graph other 
than an odd cycle satisfies x'(G) — A(G) 0. In particular, Chen and Wang [4| conjectured that in the case of 
p — 2, A T 2 (G) < A(G) + 2, which is a better bound than the conjecture (fl}. They also proved that this conjecture 
is true if (i) A(G) > 5, (ii) A(G) - 3 and G is 2-connected, or (iii) A(G) = 4 and every two faces consisting of 
three vertices have no vertex in common. In the case of A(G) = 2 (i.e., G is a path or a cycle), we can easily see 
that Al (G) < 4, since the incidence graph of a path (resp., a cycle) is also a path (resp., a cycle), and the L(2, 1)- 
labeling number A2,\(C n ) for a cycle C n with n vertices is at most 4 [6]. The cases of A(G) e {0, 1} are clear. 
However, the general cases of A(G) e {3, 4} were left open. In this paper, we solve Cheng and Wang's conjecture 
completely, by showing the remaining cases of A(G) e {3,4}. On the other hand, the bound A(G) + 2 is tight, 
since there exist infinitely many outerplanar graphs G such that A T 2 (G) = A(G) + 2 if A(G) > 2, as investigated in 

a. 

The rest of this paper is organized as follows. Section|2]gives basic definitions. In Sections[3]and[4] we show 
that A\(G) < A(G) + 2 in the cases of A(G) = 3 and A(G) = 4, recpectively. 

2 Preliminaries 

A graph G is an ordered set of its vertex set V(G) and edge set E(G) and is denoted by G = (V{G),E{G)). 
We assume throughout this paper that a graph is undirected, simple and connected, unless otherwise stated. 
Therefore, an edge e e E(G) is an unordered pair of vertices u and v, which are end vertices of e, and we often 
denote it by e — (u, v). For two graphs G\ and G2, we denote (V{G\) U V{G2), E(G{) U EiGi)) by G\ + G2. For 
a vertex set V c V(G), let G - V be the subgraph of G induced by V(G) - V . For an edge set E', let G - E' 
(resp., G + E') be the graph (V, E - E') (resp., (V U V(E'), E U E') where V(E') is the set of end vertices of edges 
in E'). Two vertices u and v are adjacent if (u, v) e E(G). Let Nc{v) denote the set of neighbors of a vertex v in 
G; Ng(v) — \u e V \ (u, v) e E(G)}. The degree of a vertex v is \Ng(v)\, and is denoted by dc(v). A vertex v with 
dc(y) — k is called a k-vertex. We use z)(G) (resp., 5(G)) to denote the maximum (resp., minimum) degree of a 
graph G. A path P in G is a sequence vi, V2, • • . , V( of vertices such that (Vj, v,+i) e E(G) for i = 1,2, I; 
we may denote P as (vi, V2, . . ., vi) and let V(P) = {vi, Vi, . ■ . , vv) and -E(P) = {(vi, V2), (va, V3), . . . , (yt-\, vi)}. We 
often drop G in these notations if there are no confusions. 

The vertex-connectivity of a graph G, denoted by k(G), is defined as the minimum cardinality of a vertex 
set V c V(G) such that G - V is disconnected or trivial. A vertex v is called a cm? vertex {of G) if G — v is 
disconnected. Notice that a graph G has no cut vertex if and only if k(G) > 2. Two vertices u and u' are called 
2-connected if they belong to the same connected component in G - v for any cut vertex v of G with v £ {u, u'}. 
A subgraph G' of G is called a 2-connected component if every two vertices in G' are 2-connected and G' is 
maximal to this property. It is not difficult to see that if k{G) = 1, then there exists a 2-connected component 
which contains exactly one cut vertex of G. 

A graph is called planar if it can be drawn in the plane without generating a crossing by two edges. For such 
a drawing of G in the plane, after omitting the line segments, the plane is divided into regions; such a region is 
called a/ace. A face whose vertex set is {u\,U2, ■•■,«*} with (m;, m i+ i) e E(G), i - 1,2, ... , & (where ut+i = u\) is 
denoted by [Wi«2 • ■ ■ u^]. We call a face consisting of k vertices a k-face. 

A planar graph G is called outerplanar if it can be drawn in the plane so that all vertices lie on the boundary of 
some face. Such a drawing is referred to as an outerplane graph. The face whose boundary contains all vertices 
of G is called the outer face and all other faces are called inner faces. We call an edge belonging to the boundary 
of the outer face an outer edge and all other edges inner edges. An inner face is called an endface if its boundary 
contains exactly one inner edge (note that there exist at least two endfaces if G contains an inner edge). 

Let £ k = {0, 1, . . . , k] and / : V(G) U E(G) -> £ k be a (2, l)-total labeling of G. For an edge e = (u, v) e E(G), 
we may denote /(e) by f(uv). Let / denote the labeling such that f(z) = k — f(z) for each z e V(G) U E{G). 
Notice that / is also a (2,l)-total labeling of G. 

3 CaseJ(G) = 3 

Let G = (V, E) be an outerplane graph with A(G) = 3. Chen and Wang [4| showed that if k(G) > 2, then 
Al (G) < 5. First review their constructive proof of the case of k{G) > 2. Assume that on the boundary of its 



outerface, each 3-vertex (i.e., each vertex which some inner edge is incident to) is numbered x\,X2,...,x p in 
clockwise order. Also assume that for i = 1,2, ...,p, each 2-vertex on the path connecting x, and jc,-+i (on the 
boundary of its outerface) is numbered y\,y' 2 , ■ ■ ■ ,y l qj in clockwise order, where x p+ \ = x\. A (2,l)-total labeling 
/ : V UE — » £5 can be obtained by the following algorithm, which slightly generalizes Chen and Wang's method. 

Algorithm LABEL-K2 

Input: An outerplane graph G with k(G) > 2. 

Output: A total (2,l)-labeling/ : V U E -> £ 5 of G. 

1. Assign labels and 1 alternately to a sequence x\, X2, . . . , x p of 3-vertices. 

2. For each i = 1,2, ...,p, label 2-vertices as follows. Without loss of generality, let /(*,■) = and 
f(x M ) = h 

2.1. If q t is even, then assign labels 1 and alternately to a sequence y\,y l 2 ,..., y l of 2-vertices. 

2.2. If qi is odd, then assign label 2 to y l . for some j, and labels 1 and alternately to a sequence 
y\ , y' 2 , . . . , y' q . of 2-vertices other than y 1 .. 

3. Assign label 3 to each inner edge. 

4. Label outer edges as follows. 

4.1. If \V(G)\ is even, then assign labels 4 and 5 alternately in clockwise order. 

4.2. If \V(G)\ is odd, then pick up an arbitrary endface F = [Xiy\y' 2 ■ ■ -y' x i+ i]. Without loss of gener- 
ality, let f( Xi ) = and f(x i+l ) = 1. " 

4.2. 1 . If qi is an even or an odd with q, >3, then assign label 3 to (y\ , y' 2 ) and labels 4 and 5 alternately 
to all remaining outer edges. Then if f(y\) = 2 or f(y' 2 ) = 2, then reassign labels for y\, y' 2 , and y l 3 as 
f(y\):= I. /(v- ):-(). and /(v' ( ) :- 2. 

4.2.2. If q t = 1, then assign labels 5, 2, and 3 to y\, (Xi,y\), and (y\,Xi+i), respectively, and labels 4 
and 5 alternately to all remaining outer edges. Then if the label for two outer edges incident to x, 
and Xi+\ other than (Xi,y\) and (y\, x,-+i) is 4 (resp., 5), reassign a label for (x;, Xi+\) as /(x,x, + i) : = 5 
(resp., 4). 

Observe that for each inner edge (x ; , xj), we have /(*,) + f(xj), since otherwise the subgraph G' of G in- 
duced by V(Pi) U V(P,+i) U • • • U V(Pj-i) would have odd 3-vertices, a contradiction, where P, denotes the path 
(x,-, y'j , . . . , y^,, x, + i). Notice that the reassignment in Step 4.2. 1 is necessary because otherwise \f(y\) -/Cy^))! ^ 
1 or \f(y' 2 ) - f(y\y l 2 ))\ ^ 1 would hold. Also notice that in Step 4.2.2, f(e) = f(e') holds for two outer edges e 
(resp., e') incident to x ; (resp., x i+ i) other than (Xi,y\) (resp., (y\, JC,+i)), since \V(G)\ is odd and q t = 1. Thus, 
a labeling / obtained from the above procedure is a (2,l)-total labeling of G. Here, we have the following easy 
observation: 

Observation 1. In Step 4.2, we can start with assigning an arbitrary label in {4, 5} to an arbitrary outer edge for 
the label assignment of outer edges except (y\,y 2 ) (resp., (xi,y\) and (y\, x i+ i)) in Step 4.2.1 (resp., Step 4.2.2). 

Moreover, we can see the following property. 

Lemma 1. Let G = (V, E) be an outerplane graph with A(G) — 3, G\ be a 2-connected component in G, and (u, v) 
be an inner edge inG\. Assume that G\ - {u, v] contains a connected component G2 with no cut vertex in G and 
I V((?2)| > 2. Let u' e V(G2) (resp., V e V(Gij) be the neighbor of u (resp., v) in G (note that by A(G) — 3, such 
u' and V are uniquely determined and that by | V(G2)| > 2, we have u' + v')- IfG' = (G - V(G2)) + {(u, u'), (v, v')} 
has a (2,l)-total labeling f : V(G') U E(G') — > X5 such that 

f(u') * f(v') and (i) {f(u'),f(v')} c {0, 1} and {f(uu')J(vv')} c {4,5} or 
(xx) {/(«'), /(V)} £ {4,5} and{f(uu'),f(vv')} c {0, 1}, 

f/zen f/zere exwfs a (2,l)-total labeling g : V(G) U E(G) — > Xs- 

Proof. By symmetry of labelings, we only consider the case where f(u') + f(v'), \ f(u'),f(v')} c {0, 1}, and 
{f(uu'),f(vv')} c {4,5}. Without loss of generality, let f(u') = and f(v') = 1. There are the two possible cases 
(Case-1) f(uu') = f(vv') and (Case-2) f(uu') + f(vv'). 

(Case-1) Let G3 be the graph obtained from G2 by adding two new vertices x and y and three new edges 
(u',x),(x,y), and (y, v'). Notice that G3 is an outerplane graph with k(Gj) > 2. There are the following two 
possible cases: (1.1) both of u' and v' are 2-vertices or 3-vertices, (1.2) otherwise. 

(1.1) If u' and v' are both 2-vertices, then add an inner edge («', v') to G3 and redefine G3 by the resulting 
graph. By applying Algorithm LABEL-K2 to G3 as x\ :- u' , we can obtain a (2,l)-total labeling f\ : V(G3) U 



E(Gt,) — > £5 such that fi(u') = and /i(v') = 1. Moreover, by choosing an endface not containing {x,y} in 
Step 4.2 of Algorithm LABEL-K2, we can obtain such a labeling f\ that f\(xu') = f\(yv') = f(uu') (= f(vv')) 
(note that by Observation 1, we can start with assigning label f(uu') to (x, u') for the label assignment of outer 
edges). Observe that the labeling g such that g(z) = f(z) for each z e V(G') U E{G') and g(z) = fi(z) for each 
z e V U £ - (V(G') U E(G')) is a (2,l)-total labeling of G. 

(1.2) Assume that «' is a 3-vertex and v' is a 2-vertex (the other case can be treated similarly). Let f\ : 
V{G^) U E(Gi) — » £5 be a (2,l)-total labeling obtained by applying Algorithm LABEL-K2 to G3 as x\ := m'; 
/i(m') = 0. Moreover, as observed in (Case- 1.1), we can obtain such a f\ that f\(xu') = f\(yv') = f{uu'). Also, 
if v' is not adjacent to a 3-vertex, we can obtain such a /1 that /i(v') = 1 by avoiding assigning label 2 to any 
vertex in {x,y, v'} in Step 2.2. Observe that if /i(v') = 1, then a (2,l)-total labeling g of G can be constructed 
by combining / and f\ similarly to (Case- 1.1). Hence, we consider the case where the vertex w (^ y) adjacent 
to v' in G3 is a 3-vertex; f\(w) = 1. Then we can reassign labels for x,y, and v' as any one of two possible 
labelings (a) f x (x) = \,f\(y) = 0, and /i(v') = 2 and (b) f x (x) - l,f\(y) = 2, and f x (v') = without violating the 
feasibility. Observe that the labeling g such that g(z) = f(z) for each z e V(G') U E(G') - {v'}, g(z) = /i(z) for 
eachz e V U £ - (V(G') U £(G')), and g(v') = {0,2}- {/(v)} is a (2,1 )-total labeling of G. 

(Case-2) Let G3 be the graph obtained from Gi by adding a new vertex x and two new edges (u',x) and 
(x, v'). Notice that G3 is an outerplane graph with k(Gj) > 2. There are the following two possible cases: (2.1) 
both of u' and v' are 2-vertices or 3-vertices, (2.2) otherwise. 

(2.1) If u' and v' are both 2-vertices, then add an inner edge («', v') to G3 and redefine G3 by the resulting 
graph. By applying Algorithm LABEL-K2 to G3 as x\ := u', we can obtain a (2,l)-total labeling f\ : V(G3) U 
E(Gi) — > £5 such that f\ (u') = and f\ (V) = 1 . Moreover, by choosing an endface not containing x in Step 4.2 of 
Algorithm LABEL-K2, we can obtain such a labeling f\ that f\(xu') = f(uu') and f\(xv') = f(vv'). Observe that 
the labeling g such that g(z) = /(z) for eachz e V(G')U£(G') andg(z) = fx (z) for each z e VUE-(V(G')UE(G')) 
is a (2,l)-total labeling of G. 

(2.2) Assume that u' is a 3-vertex and V is a 2-vertex (the other case can be treated similarly). Let f\ : V(G3) U 
EiGi) — > X5 be a (2,l)-total labeling obtained by applying Algorithm LABEL-K2 to G3 as x\ :- u'\ fi(u') = 0. 
Moreover, as observed in (Case-2. 1), we can obtain such a f\ that f\{xu') = f(uu') and fi(xv') = f(vv'). Also, 
in the case where Step 2.2 is applied to the sequence of 2-vertices containing x and v', we can assign label 1 to 
v' by assigning label 2 to x (notice that in this case, v' is not adjacent to any 3-vertex because the sequence of 
2-vertices containing v' consists of odd vertices). Observe that if /i(v') = 1, then a (2,l)-total labeling g of G 
can be constructed by combining / and f\ similarly to (Case-2. 1). Hence, we consider the case where Step 2. 1 is 
applied to the sequence of 2-vertices containing x and v'; /i(v') = 0. Then we can reassign label 2 to V without 
violating the feasibility. We can see that the labeling g such that g(z) = f(z) for each z e V(G') U E(G') - {v'}, 
g( z ) = f x ( z ) for each z e V U E - (V(G') U £(G')), and g(v') = {0, 2} - {/(v)} is a (2,l)-total labeling of G. □ 

By using this lemma, we can prove that Chen and Wang's conjecture is true in the case of A(G) = 3. 

Theorem 1. IfG = (V, E) is an outerplane graph with A(G) = 3, then A^iG) < 5. 

Proof. We prove this by induction on k = |V(G)| + |£(G)|. The theorem clearly holds if k < 7. Consider the case 
of k > 8 and assume that for each k' < k, this theorem holds. We also assume that G is connected, since otherwise 
we can treat each component separately. Thus, 1 < 6(G) < 2. 

Consider the case where <5(G) = 1. Let u\ be a vertex with d(u\) — 1. By the induction hypothesis, G-u\ has 
a (2,l)-total labeling / : V(G - mi) U E(G - u\) — > X5. Let ui be the neighbor of mi in G and M3, U4 be vertices 
adjacent to U2 in G - u\ where M3 = M4 may occur (note that A(G) = 3). Hence we can extend / to the edge (m, U2) 
and the vertex u\ as follows: assign a label a e £5- {fiuj) - 1, f(ui), f{u?) + 1,/(m2«3),/(m2«4)} to ( M i> v i)> an d 
then a label in £5 - {f(u2),a - I, a, a + 1} to u\. 

Consider the case of 6(G) = 2. In (4), Chen and Wang showed that if k(G) > 2, then A^(G) < 5. Hence, we 
here only consider the case of k(G) - 1. Let G\ be a 2-connected component in G which has exactly one cut 
vertex v c of G. By 6(G) = 2, we have |V(Gi)| > 3 and hence dc^Vc) > 2. By k(G) = 1 and A(G) = 3, it follows 
that dd(v c ) = 2 holds and V(Gi) and V - V(G\) are connected by a bridge incident to v c , where a bridge is an 
edge whose deletion makes the graph disconnected; denote this bridge by (v c , w) where w e V - V(G\). By the 
induction hypothesis, H = (G - V(Gi)) + {(v c , w)} has a (2, l)-total labeling / : V(H)UE(H) -> £5. By symmetry, 
it suffices to consider the following three possible cases: (Case-1) f(v c w) = 5, (Case-2) f(v c w) = 4, and (Case-3) 
f(v c w) = 3. In each case, we will extend / to a (2,l)-total labeling /' : V U E — > £5 of G. Let f'(x) := f(x) for 
every x 6 V(H) U E(H). 



First consider the case where G\ has no inner edge. Assume that on the boundary of its outerface in G\, 
each vertex is numbered u\{- v c ), Uz,..., u r in clockwise order. Then, in each case of (Case-l)-(Case-3), we can 
obtain a (2,l)-total labeling /' of G in the following manner: 

1. If f'(y c w) = 3, r = 3, and f'(w) * 0, then let f'(v c ) = 0, f'(u 2 ) := 1, f'(u 3 ) := 5, f(v c u 2 ) := 5, 
f'(u 2 u } ) : = 3, and/> 3 v c ) := 2. If /'(v e w) = 3, r = 3, and/'(w) = 0, then let f'(v c ) = 5, f'(u 2 ) := 2, 
/'(m 3 ) := 0, f'(v c u 2 ) : = 0, f'(u 2 u 3 ) := 5, and f'(u 3 v c ) := 2. 

2. Unless /'(v c w) = 3 and r = 3, then assign labels for vertices or edges in G\ as follows. 

2.1. Assign a label in {0, 1} - {/'(w)} (say, 0) to v c . 

2.2. Assign labels 1 and alternately to u 2 , 113, . . . , u r . Then, if r is odd, then reassign label 2 to u r . 

2.3. If f'{v c w) 6 {3,4} (resp., f'(v c w) = 5), then assign label 5 (resp., 4) to (u r ,v c ), and labels 4 
and 5 (resp., 5 and 4) alternately to the sequence (u r , M r _i), (u r -\, u r - 2 ), ■ ■ ■ , (u 2 , v c ) of outer edges in 
counter-clockwise order. Then if f'(v c w) e {4, 5}, then reassign label 3 to (u 2 , v e ), and if f'(v c w) = 3 
and r is odd, then reassign label 3 to (1*3, u 2 ) and label 4 to (u 2 , v c ). 

Next consider the case where G\ has an inner edge. Assume that on the boundary of its outerface in G\, each 
3-vertex is numbered x\,x 2 , . . . ,x p in clockwise order. Also assume that for i = 1,2,...,/?, each 2-vertex on 
the path connecting x,- and (on the boundary of its outerface) is numbered y[,y 2 , ■ ■ ■ ,y' q . in clockwise order, 
where x p+ \ = x\. Also, if qi = 0, then let y l := Xj. Let f,- denote the path (xuy\, . . . ,y' ,JC;+i). Without loss of 
generality, assume that v c is a 2-vertex between x\ and x 2 in G\\ v c = y l t for some I. Let /1 : V{G\)UE(G\) — > X5 
be a (2,l)-total labeling obtained by applying Algorithm LABEL-K2 to G\, while (A) choosing y\ as a vertex 
other than v c in Step 2.2 if qi > 3, and (B) choosing y - as a vertex not in {v e } U Nc(v c ) in Step 2.2 if (i) q\ > 5 or 
(ii) = 3 and v c + y x 2 , and (C) choosing an endface not containing v c in Step 4.2. 

Consider the case where v c is adjacent to a 2-vertex in G\; q\ > 1. Without loss of generality, assume that 
y\ _j is a 2-vertex. Then by q\ > 1 and the choice of yj in Step 2.2 of Algorithm LABEL-K2, we can see that 
fi(v c ) + 2; /i(v c ) e {0, 1}. Moreover, we can assume that /i(v e ) e {0, 1} - {/'(w)} since otherwise we recompute 
a (2,l)-total labeling f[ of Gi by starting with x 2 instead of x\ in Step 1 of Algorithm LABEL-K2 and redefine 
fx by f' v Also, we can assume that in the case of f'(y c w) = 4 (resp., 5), if ^1 ^3 or v c + y l v then f\{y)_ { v c ) = 4 
(resp., 5) and if q\ =3 and v c = y l 2 , then /i(v c y') = 4 (resp., 5) fory' e {y^y^} with /i(y') ^ 2 (note that this is 
possible by Observation 1 and that in the case of q\ =3 and v c = y\, exactly one of y] and y\ has label 2 in f\). 
Let f'(z) := /i(z) for each z e V(G,) U E(G X ). Observe that if f'(v c w) = 3, then /' is a (2,l)-total labeling of G. 
In the case of f'(v c w) e {4, 5}, if q\ ^3 or v c + y x 2 (resp., ^1=3 and v c = y l 2 ), reassign a label for (y)_ v v c ) (resp., 
(y', v c )) as f'(y\_ y v c ) :- 3 (resp., f'(y'v c ) := 3). Then, we can see that the resulting /' is a (2,l)-total labeling of 
G since if q\ ^3 or v c + y 2 , then /'(y^_j) ^ 2 by the choice of yj in Step 2.2 and otherwise then /'(y') + 2. 

Finally, consider the case where Nq^x'c) = {x\,x 2 }\qi = 1. Let x p > be a 3-vertex such that (x\,x p i) is an inner 
edge of Gi. Let G 2 be the subgraph of Gi induced by V{P X ) U V(P 2 ) U ■ • • U V(P / ,'-i). Let u' e V(Gi) - V(G 2 ) 
(resp., v' € y(Gi)-V(G2)) be the neighbor of x\ (resp., x p >). Notice that the component in G-{x\, x p >] containing 
{u! , v'\ has no cut vertex in G. Below, we will show that if u' + v' , then there exists a (2,l)-total labeling g' of 
(H + G 2 ) + {(x\, u'), (x p >, v')} satisfying the conditions of LemmaQ] Note that in this case, Lemma[T]ensures the 
existence of a (2,l)-total labeling g : V U E — » X5 of G. Also, in the case of u' = v', we will show directly the 
existence of a (2,l)-total labeling g : V U E — > X5 of G. 

(Case-l)/(v c w) = 5. 

(1.1) Assume that /(w) 5t 3. 

Let/'(z) ^(z) for each z e V(Gi) U E(Gi). Then, /' is a (2,l)-total labeling of G (note that f'(v c ) = 3). 

(1.2) Assume that/(w) = 3. 

If p' = 2 and u' = v', then let f'(x{) := 5, /'(v c ) := 0, f'(x 2 ) 2, /'(«') := 0, /'(xiv e ) 3, f'(v c x 2 ) 4, 
/'(X1X2) := 0, f'(x 2 u') :- 5, and f'(u'xi) :- 2. Observe that the resulting labeling /' is a (2,l)-total labeling of 
G. 

If p' = 2 and u' + V , then let f'(x x ) := 5, /'(v c ) 0, f'(x 2 ) 4, /'(«') := 4, /'(v') 5, f'{x x v c ) := 3, 
f'(v c X2) '■= 2, /'(X1X2) := 0, /'(X2V') := 1, and f'(u'xi) :- 1. Observe that the resulting labeling /' is feasible 
for H + G 2 + {(xi, u'), (x 2 , v')} and satisfies the conditions of LemmaQ] 

Assume that p' + 2. Then we can obtain a (2,l)-total labeling of G in the following manner, where "assigning 
a label k to z e V U E" means that f'(z) := k. 

1. Assign label 3 to each inner edge in G2. 

2. Let f'(v c ) :- 0. Assign labels 1 and alternately to 3-vertices x 2 , X3, . . . , x p >-\ (note that as a result, 

f'(x p '-i) = 0). Assign labels to 2-vertices y ! . (2 < i < p' - 2) according to Step 2 of algorithm 
LABEL-K2. 



3. Trace outer edges from (v c , x 2 ) to (y^~J 2 ,Xp>-\) on {(v c , x 2 )} LiZ^f^) U • • ■V)E{P p >-2) in clockwise order 
and assign labels 4 and 5 alternately. 

3.1. If q P >-\ > 0, then assign labels to the remaining vertices or edges as follows. Let f'(xi) := 5, 
f'(x P ') := 4, /'(;tiv c ) := 3, f'(x\Xp>) :- 2, and f'{Xp>-\,y\ ~ ) : = 2. Assign labels and 1 alternately 
to outer edges (y? ~ ,y\ (y£ ~*,y P "),..., Cyf p 7_i , *p<)> (V' v ')- Moreover, if is even (resp., 
odd), then assign labels 4 and 5 (resp., 5 and 4) alternately to 2-vertices y p ~ ,y^~ , . . . ,y^~_ v If 
u' = v', then let f'(u') := 3 and /'(w'xj) := {0, 1} - {/'(V"')}- If «' * V, then let f'(u'):= 4, 
/'(v') := 5, and f(u'x\) := 1, and extend /' to a (2,l)-total labeling of G according to LemmaQ] 

3.2. If qp,-! = and u' + v', then let f'(xi) := f'(v') := 4, /'(jty) := /'(«') := 5, : = °> 
f{Xpi-ix p >~) : = f{x\v c ) : = 2, and/'(xi«') := f'(x p >v') := 1, and extend/' to a (2, l)-total labeling of 
G according to LemmaQ] 

3.3. If q p ^ = 0, u' = v' and /'(y^V-i) = 4, then let /'(x,) := 5, := 3, />') := 4, 
f'(xix p ,) := 1, /(jc^_ijc^) := 5, /(*iV c ) : = 3, and /'(*!«') : = 2, and f'(x p ,u') : = 0. 

3.4. If = 0, u' = v' and /'(y£~ 2 2 v-i) = 5 < then let : = 5 > /'(%') := 2 < /'("') : = °. 
f'{x\x P ') :- 0, f(Xp>-iX p >) := 4, /(jciV c ) := 3, and f'{x\u') := 2, and f'(x p >u') := 5. 

(Case-2) /(v c w) = 4. 

(2.1) Assume that f(w) + 0. 

If p' = 2 and u' = V, then let /'(x,) := 5, /'(v c ) := 0, /'(x 2 ) := 2, /'(«') = 0, f'{x x v c ) := 3, /'(v c jc 2 ) := 5, 
f'(x lX2 ) := 0, /'(x 2 i/) := 4, and f'(u'xi) := 2. 

If /?' = 2 and m' # v', then let /'(x,) := f'(v') := 5, /'(v c ) := 0, /'(* 2 ) := /'(«') =: 4, /'(x,v c ) := 3, 
f'(v c X2) '■= 2, /'(xix 2 ) : = 0, f'(x2v') : = 1, f'{u'x\) := 1. Observe that the resulting labeling /' is feasible for 
H + G 2 + {(xi, u'), (x 2 , v')} and satisfies the conditions of LemmaQ] 

The case of p' + 2 can be treated similarly to (Case- 1.2), by starting with assigning to (v c , xi) label 5 instead 
of label 4. 

(2.2) Assume that f(w) = 0. 

If p' = 2 and it' = y', then let f(y c ) := 1, /'(*i) := 5, /'(x 2 ) := 3, /'(«') := 4, /'(xjv c ) := 3, /'(v c x 2 ) := 5, 
/'(xix 2 ) := 0, f'(xiu') := 2, and /'(x 2 «') := 1. 

If p' = 2 and m' * v', then /'(v c ) := 1, /'(x0 := 5, /'(x 2 ) := 3, f(u') := 4, />') := 5, /'(xjvj := 3, 
/'(v c x 2 ) := 5, /'(xix 2 ) : = 0, f'{x\u') :- 1, and /'(x 2 v') :- 1. Observe that the resulting labeling is feasible for 
H + G 2 + {(xi, u'), (x 2 , v')} and satisfies the conditions of Lemma[T] 

Assume that p' + 2. Then we can obtain a (2,l)-total labeling of G in the following manner. 

1. Assign label 3 to each inner edge in G 2 . 

2. Trace outer edges from (v c , x 2 ) to (y^, , , x p <) on {(v c , x 2 )} U £(-P 2 ) U ■ ■ • U E(P p >-\) in clockwise order 

and assign labels 5 and 4 alternately. 

2.1. If f'(f q ~_ 1 Xp') = 4 and u' t v', then assign labels for the remaining vertices and edges as follows. 
Let f'(v c ) := 2. Assign labels 1 and alternately to 3-vertices x 2 , X3, x^_i (notice that f'{x p >-\) = 

0) . Assign labels to 2-vertices y l - (2 < i < p' — 2) according to Step 2 of algorithm LABEL-K2. Let 
/'(x0 := 3, fix?) 2, f'(u') := 4, f'(v') := 5, f'{x x v c ) := 0, f'(x } x p ,) := 5, /W) 1, and 
/'(xp/v') := 0. Assign labels 1 and alternately to 2-vertices y^ ,y^ ,.. . ,y P q p ,\ ■ Then, extend /' 
to a (2,l)-total labeling of G according to LemmaQ] 

2.2. If f'{y p q ^^x p i) = 5 and u' + v', then assign labels for the remaining vertices and edges as follows. 
Let f'(v c ) := 1. Assign labels and 1 alternately to 3-vertices x 2 , X3, . . . , x^-i (notice that f'{x p >-\) = 

1) . Assign labels to 2-vertices y'j (2 < i < p' — 2) according to Step 2 of algorithm LABEL-K2. Let 
f{ Xl ) := 5, f'(x p ,) 3, f'(u') := 4, />') := 5, f( Xl v c ) := 3, /'(xix ;y ) := 0, f'{x lU ') 1, and 
f'(x p iv') := 1. Assign labels and 1 alternately to 2-vertices y p 1 ,y p ,y p p ,^ t ■ Then, extend /' 
to a (2,l)-total labeling of G according to LemmaQ] 

2.3. If f'(y P q^^x P ') = 4 and u' - v', then assign labels for the remaining vertices and edges as follows. 
Let f'(y c ) '■= 2. Assign labels 1 and alternately to 3-vertices x 2 , X3, . . . , Xp>-\ (notice that f'(Xp>-i) = 

0) . Assign labels to 2-vertices y'. (2 < i < p' - 2) according to Step 2 of algorithm LABEL-K2. Let 
/'(*!) 3, /'Cv) := 2, /'(«') := 5, f'{x x v c ) := 0, f'{x lXp ,) := 5, f{x x u') := 1, and f'{x p ,u') 0. 
Assign labels 1 and alternately to 2-vertices y p ~\y p ~ 1 ,..., y p q J_^ ■ 

2.4. If f'(y p q 7^x P ') = 5 and u' - v', then assign labels for the remaining vertices and edges as follows. 
Let f'(v c ) := 1. Assign labels and 1 alternately to 3-vertices x 2 , X3, . . . , x p >-\ (notice that f'(x p >-\) = 

1) . Assign labels to 2-vertices y l . (2 < i < p' — 2) according to Step 2 of algorithm LABEL-K2. Let 



f( Xl ) := 5, /' ( V ) := 3, /'(«') := 4, f'(x x v c ) := 3, /'(x^) := 0, /'(*!«') := 2, and /'(x ;yl /) := 1. 
Assign labels and 1 alternately to 2-vertices y^ ~ ,y^ ~ , . . . , ~ t . 

(Case-3)/(v c w) = 3. 

First consider the case where p' — 2 and u' = v'. If /(w) + 5, then let /'(xi) := 0, f'(v c ) :- 5, f'ixi) := 2, 
/'(«') := 1, f'(x lVc ) := 2, /'(v c x 2 ) := 0, /'(xix 2 ) := 5, f'(x 2 u') := 4, and /'(w'xj) := 3. If /(w) = 5, then let 
f(x{) := 4, /'(v c ) := 0, /'(x 2 ) := 2, /'(«') := 3, /'(xjv c ) := 2, /'(v c x 2 ) := 4, /'(xjx 2 ) := 0, /'few') := 5, and 
:= 1. 

Next consider the case where p' — 2 and m' + V . If /(w) ^ 5, then let f'(x{) := 0, /'(v c ) : = 5, fix?) := 2, 
/•'(«') := 1, f (v') := 0, f (Jtiv c ) := 2, /'(v c x 2 ) := 0, f (x,x 2 ) := 5, f (x 2 v') := 4, and /'(«'*i) := 4. If 
/(w) = 5, then let /'(x0 := 3, f'(v c ) := 0, /'(x 2 ) := 5, /'(«') := 5, /'(v') := 4, /'(x^) := 5, /'(v e x 2 ) := 2, 
/'(xjx 2 ) := 0, /'(x 2 v') := 1, and f'{u'x\) :- 1. Observe that in both cases, the resulting labeling is feasible for 
H + G 2 + {(xi, u'), (x p >, v')} and satisfies the conditions of LemmaQ] 

Finally consider the case where p' + 2. We divide this case into the following two subcases: (3.1) f'(w) + 
and (3.2) /'(w) = 0. 

(3.1) Assume that f'(w) + 0. 

We can obtain a (2,l)-total labeling of G in the following manner. 

1. Assign label 3 to each inner edge in G 2 . 

2. Let f'(v c ) := 0. Assign labels 1 and alternately to 3-vertices x 2 , X3, . . . , Xp>-\ (note that as a result, 

f'(Xp>-\) = 0). Assign labels to 2-vertices y l . (2 < i < p' - 2) according to Step 2 of algorithm 

LABEL-K2. Assign labels 1 and alternately to 2-vertices y p x ,y^ ~ , . . . ,^7^. 

3. Trace outer edges from (v c , x 2 ) to (y£ , x p >) on {(v c , x 2 )} U Z?CP 2 ) U • • • U E(P p >-\) in clockwise order 

and assign labels 4 and 5 (resp., 5 and 4) alternately if the number of outer edges in G 2 is even (resp., 
odd). Notice that as a result, the edge (y^ ~ , x p >) has label 5. 

3.1. If u' * v', then let/'^) := 5, /'(x ;y ) := 3, /'(«') := 4, /'(/) := 5, f'(x x v c ) := 2, /'(x^y) := 0, 
f'(xiu') := 1, and/'(x ; yv') := 1. Then, extend/' to a (2,1 )-total labeling of G according to Lemma[TJ 

3.2. If u' = v', then let /'(xi) := 5,f'(x p ,) := 2, /'(«') := 0,/'(xiV c ) := 2,/'(x,x ; y) := 0,/'(x lM ') := 3, 
and/'(x p /M') := 4. 

(3.2) Assume that f'(w) = 0. 

We can obtain a (2,l)-total labeling of G in the following manner. 

1. Assign label 2 to each inner edge in G 2 . 

2. Let /'(v c ) := 5. Assign labels 4 and 5 alternately to 3-vertices x 2 ,X3, . . . ,x ; y_i (note that as a re- 

sult, /'(x ; y_i) = 5). Assign labels to 2-vertices y l . (2 < i < p' - 2) according to Step 2 of Algo- 
rithm LABEL-K2', where Algorithm LABEL-K2' denotes the algorithm obtained from Algorithm 

LABEL-K2 by replacing each label i to be assigned with 5 - i. Assign labels 4 and 5 alternately to 

p'—i p'-\ p'—i 
2- vertices y\ ,y' 2 ,...,/ V| . 

3. Trace outer edges from (v c , x 2 ) to (y£ ~_ } , x p >) on {(v c , x 2 )} U -E(P 2 ) U ■ ■ • U E(P p i-\) in clockwise order 

and assign labels 1 and (resp., and 1) alternately if the number of outer edges in G 2 is even (resp., 
odd). Notice that as a result, the edge (y? ~ , x P ') has label 0. 

3.1. If u' + v', then Mf'(xi) := 0, f'(x p ,) := 2, f'(u') := 1, /'(/) := 0, /'(xiv c ) := 2, /'(xiXy) := 4, 
f'(xiu') := 5, and/'(x p 'v') := 5. Then, extend/' to a (2,1 )-total labeling of G according to Lemma[T] 

3.2. If u' = v', then let /'(x t ) := 0, f'(x p ,) := 2, f'(u') := 1, /'(x t v c ) 2, /'(xjx^) 4, /'(x lM ') := 3, 
and f'(x p 'u') := 5. 

□ 



4 CaseJ(G) = 4 

Let G = (V, E) be an outerplane graph. The following structural properties of outerplane graphs are known. 

Theorem 2. B14II Every outerplane graph G with 6(G) — 2 contains one of the following configurations: 

(CI) two adjacent 2-vertices U\ and m 2 . 

(C2) a 3-face \u\Uiu-i\ with d(u\) — 2 and d(uj) — 3. 

(C3) two 3-faces \u.\Uiu^\ and [M3M4M5] such that d(u^) = 4 and c/(m 2 ) = d(u\) = 2. 



In [4|, Chen and Wang proved that if G does not contain (C3) and A(G) = 4 holds, then Al (G) < 6. Their proof 
utilizes the property that if G contains (CI) or (C2), then a (2,l)-total labeling of G can be extended from a 
(2,l)-total labeling of some proper subgraph of G. Here, we investigate the case where G contains neither (CI) 
nor (C2), and derive a new structural property, i.e, if G contains neither (CI) nor (C2) and A{G) = 4 holds, then 
G contains a new configuration as shown in Lemma|2]below, which includes (C3) as a subconfiguration. 
Assume that A{G) = 4. Define a chain of3-faces as a sequence 

C = {[u^Ui], [m 3 m 4 m 5 ], . . . , [u 2t -iU2,u 2 i + i]} (t > 2) 

of 3-faces such that (uzi-\, M2/) and (u2i, M2/+1) are on the outer face of G and (H2/-1, «2/+i) is an inner edge for 
each i — 1,2,...,? (see Fig . [TJ . Notice that d(u 2 i) - 2 holds for each i = \,2,...,t and that c/(m2/+i) = 4 holds for 




Fig. 1. A chain of 3-faces. 

each i = 1, 2, ...,t— 1 by A{G) = 4; no vertex other than u^i-x , «2i> M 2/+2> an d M2/+3 is adjacent to 2*21+1 ■ 

Lemma 2. IfG is an outerphane graph with A(G) — 4 and 6(G) — 2 which contains neither (CI) nor (C2), then 
G has a chain {[M1H2M3], [113U4U5], . . . , [«2/-i M 2r M 2r+i]) of 3-faces such that (u\, M2/+1) w an /nner eoge. 

Proof. Let G be an outerphane graph with 6(G) = 2 which contains neither (CI) nor (C2). Let G' be a 2- 
connected component of G which contains exactly one cut vertex v c of G if G is not 2-connected, G' — G 
otherwise. Notice that |V(G')I > 3 by 6(G) - 2. Then G' has an inner edge since otherwise G contains (CI). 
There are the following two possible cases: (Case-I) every inner edge in G' belongs to some endface, (Case-II) 
otherwise. Assume that each vertex on the boundary of the outerface of G' is numbered v[, v' 2 , . ■ . , v' t in clockwise 
order. Notice that each endface not containing v c as a 2-vertex in G' is a 3-face since otherwise it would contain 
(CI). 

(Case-I) Notice that there are at least two end faces in G'. Without loss of generality, let [VjVjVj] be an 
endface of G' with v c i {v^Vj}; dc(v' 2 ) = dc(v' 2 ) = 2. Then an inner edge other than (v'^Vj) is incident to 
v' v since otherwise dc(v' 3 ) = 3 holds and the 3-face [v'jVjVj] would satisfy the conditions of (C2). By the as- 
sumption of Case-I, the inner edge belongs to some endface, and hence we can see that another 3-face [V3V4V5] 
exists; {[VjVjVj], [v^v^]} is a chain. Moreover, observe that if v\ + v c also holds, then [v'jVjVj] is a 3-face 
and {[vj _j v',v[], [v[v' 2 v' 3 ], [vjV^Vg]} is a chain. By repeating similar observations, it follows that there exists a chain 
C = {[v[v' 2 v' 3 ], [V3V4V5], . . . , [v^jVjv'J}. Then notice that rfc(v-) = 4 (resp., 2) if i is odd (resp., even); by A(G) = 4, 
if v c exists, then v c is some vertex V. with dc(v'j) = 2. Hence, we can see that if v c exists, then G' - v c contains a 
chain with an inner edge (v'- _ v v'j +l ), and that otherwise C - {[v^jV^Vj]} is a chain with an inner edge (v' v v' t l ) as 
required. 

(Case-II) For an inner edge (v' n v'p e E, let G[v-, v'j] denote the subgraph of G induced by {vj, v' M , . . ., v'j_ lt 
v'j}. Without loss of generality, let (vj, v.) be an inner edge in G' which does not belong to any endface such that 
G[v' 2 , v'_J does not contain v c . Moreover, we can choose such an edge (v' p v') that any inner edge in G[v' p vj] 
belongs to some endface of G. Note that if G[v' p vj] contains an inner edge <?' = (v'., v' k ) (1 < j < k < i) not in 
any endface, then the number of inner edges not in any endface in G[v'j, v' k ] is less than that in G[v' v v' t ] and this 



observation indicates that this choice of (v',,vp is possible. Then by applying the similar arguments in Case-I 
to endfaces in G[v[, vj] (also in G), we can observe that there exists a chain {[v']V 2 v 3 ], [V3V4V5], . . . , [vj 2 v^ j v^]}, 
which is a required chain. □ 

By utilizing this lemma, we show that A^(G) < A(G) + 2 holds even if A{G) - 4. 
Theorem 3. If G — (V, E) is an outerplane graph with A{G) — 4, then A^iG) < 6. 

Proof. We prove this by induction on k — \V(G)\ + \E(G)\. The theorem clearly holds if k < 9. Consider the 
case of k > 10 and assume that for each k! < k, this theorem holds. We also assume that G is connected, since 
otherwise we can treat each component separately. Thus, 1 < 5(G) < 2. 

In the case of 6(G) = 1, similarly to the proof of TheoremQ] we can observe that G has a (2,l)-total labeling 
/ : V(G) U E(G) -> U 

Consider the case where 6(G) = 2. By Theorem[2] G contains at least one of the configurations (C1)-(C3). 
In J?) Theorem 13], Chen and Wang showed that if G contains (CI) or (C2), then a (2,l)-total labeling of G can 
be obtained from a feaible labeling of some subgraph H of G. Here we only consider the case where G contains 
neither (CI) nor (C2). By Lemma|2] G contains a chain C = {[ui^u^], [M3M4M5], . . . , [w2/-i"2( M 2(+i]} of 3-faces 
such that («i,W2r+i) is an inner edge. Let w\ (resp., W2t+\) denote the vertex not in C which is adjacent to u\ 
(resp., U2t+i) (note that by A(G) = 4, no edge other than (u\,w\) and (ii2 t +\, W2/+1) connects C and the remaining 
part of G). By the induction hypothesis, H :- (G - {112, W3, . . ., w 2 f}) _ {(ui,U2t+i)} has a (2,l)-total labeling 
/ : V(H) U E(H) —> Then by dn(ui) = dn(u.2t+\) — 1, we can assign any label in £5 - {f(w\), f(u\Wi) - 

l,/(MlWi),/(MiWi) + l}(resp., £6-{/(w2 ?+ l),/(M2/+lM ; 2r+l)-l,/(M2/+lW2;+l),/(M2;+lW2r+l) + l})tO U\ (resp., U2t+\) 

without violating the feasibility. Let L(u\\f) and L(u2t+i',f) denote the sets of such possible labels with respect 
to / for mi and U2t+i, respectively; L(u\;f) -£,(,- \f(w\), f(u\w\) -1 , f(u\w\), f(u\w\) + 1} and L(u2t+\\f) = 
-Ce - {f(w2t+i),f(u2t+iW2t+i) - l,/(«2«+iw 2 j + i), f(u 2 ,+i W2t+\) + 1}. Notice that \L(u\\f)\ > 3 and \L(u 2 ,+u f))\ > 3. 

Claim. L(ui;f) x L(u 2l+l ;f) contains one of (0, 6), (0, 1), (1,2), (2, 3), (3, 4), (4, 5), (5, 6), (6, 0), (6, 5), (5,4), (4, 
3), (3, 2), (2,1), and (1,0). 

Proof. Assume for contradiction that this claim does not hold. First consider the case of {0, 6} c L(u\,f). By 
assumption, {0,6} n L(u2 t+ \\f) = 0. This inidcates that (al) /(w2 f+ i) = and f(ii2t+i w 2i+i) e {5,6} or (a2) 
/(w2,+i) = 6 and f(u2 t +\W2t+\) £ {0, 1). In the case of (al), we have 1 € L(u2 t +\',f) (i.e., (0, 1) € L(u\\f) x 
L(u2t+\',f)) and in the case of (a2), we have 5 e L(u2 t +\\f) (i.e., (6, 5) 6 L(u\\f) x L(u2 t+ \\ /))), a contradiction. 

Next consider the case of e L(u\,f) and 6 t L(u\\f). By assumption, {1, 6}nL(«2/+i;/) = 0- This indicates 
that (bl) f(w 2 ,+i) = 1 and f(u 2t+ i w 2t+ i) = 5, (b2) /(w 2(+ i) = 1 and f(u 2t+ i w 2 ,+i) = 6, (b3) f(w 2 ,+\) = 6 and 
f(u2t+\W 2t+ i) = 0, (b4) f(w 2l+ i) = 6 and f(u 2t+ iw 2t+ i) = 1, or (b5) /(w 2 ,+i) = 6 and /(w2r+iw 2 , + i) = 2. In the 
case of (bl) (resp., (b2), (b3), (b4), (b5)), we have L(u 2l+l ;f) = {0,2,3} (resp., {0,2,3,4}, {2,3,4,5}, {3,4,5}, 
{0,4,5}). By assumption that / does not satisfy this claim, it follows that in the case of (bl) (resp., (b2), (b3), 
(b4), (b5)), L(m;f) c {0,5} (resp., {0}, {0} {0, 1}, {0,2}). All of these cases contraict \L(m;f)\ > 3. 

By symmetry of labelings, the case of 6 e L(u\\f) and t L(u\; f) can be treated similarly to the previous 
case. Finally, consider the case of {0,6} n L(u\,f) = 0. Assume that {0,6} D L(u2 t +\\f) = 0, since any other 
case can be treated similarly by exchanging parts of u\ and U2t+\- Then we can observe that 3 6 L(ui\f), {2,4} n 
L(u\\f) + 0, 3 e L(u2,+\;f), and {2,4} nife+i;/) + 0. It follows that (2,3) or (4,3) are contained in L(u\\ f) x 
L(ii2 t +i ; /), a contradiction. □ 

By symmetry, it suffices to consider the following four cases: (Case-1) € L(u\,f) and 6 € L(u2 t +\',f), 
(Case-2) e L(«i;/) and 1 € L(m 2 ,+i;/), (Case-3) 1 e L(«i;/) and 2 e L(m 2 ,+i;/), and (Case-4) 2 e L(m;f) 
and3 € L(u2t+i',f)- In each case, we will extend/ to a (2, l)-total labeling /' : VUE — » £,^ofG. Let/'(x) :- f(x) 
for every x e V(H) U E(H). 

(Case-1) Let f'(u\) :- and f'(u2 t +\) '■= 6. 

(1.1) Assume that t is even; t — 2k. 

(1.1.1) Assume that f'(u\W\) + 6 and f (u2t+\w 2 t+\) + 0. 

Let f'(u 2 ) := 6, f'(u 3 ) := 3, f'(u 4 ) := 0, f'(u 5 ) := 6, /'(m 2 m 3 ) := 1, f'(uim) := 6, f'(u 3 u 4 ) := 5, 
f'(u 4 u 5 ) 4, and f'(mu 5 ) 0. For i = 2, 3, . . . , k, let /'(h 4 «-2) := 1, /'(«4i-i) := 3, /'(k 4 ;) 0, f'(u 4M ) := 6, 
/'(w4i-3M4,-2) := 3, f'(uu-2Uu-\) := 6, /'(M4i_3M 4i _i) := 1, f'(uAi-\UAi) :- 5, /'(m 4 ,M4, + i) := 4, and /'(m 4i _im 4 , + i) 
:= 0. Denote this labeling /' by f\ (see Fig. [2j». We next assign a label {2,3,4} - {/' '(u\W\), f ' (u2t+\W2t+\)} to 
(u\,U2t+\), and a label in {2, 3,4}-{/'(MiWi),/'(wiW2r+i)} to (u\, 112). Reassign a label in {2, 3,4}-{/'(m2;+iW2 (+ i), 
/'(miM2 /+ i)} to (u2t, U2t+\)- Then the resulting labeling /' is a a (2,l)-total labeling of G. 




Fig. 2. A labeling /i on C. 



(1.1.2) Assume that f'{u\W\) — 6 and /'(«2/+iW2f+i) + 0. 

Let /' := f\. We reassign labels for some vertices and edges as follows. Let f'(u 2 ) := 1, f'(ui) '■= 2, 
f'{u\U2) := 5, f'(u2Uj,) := 6 and f'{u\u^,) := 4. Next we assign a label in {2,3} - {/' ' (u2t+\W2t+\)} to {u\,U2t+\) 
and reassign a label in {2, 3,4} - {/'(Mii^r+iX/'tef+iw-^+i)} to ("2/, «2r+i)- Then the resulting labeling /' is a a 
(2, l)-total labeling ofG. 

(1.1.3) Assume that /'(wiwi) + 6 and f (u2t+iW2t+i) =0. 

Let /' := /i. We reassign labels for some vertices and edges as follows. Let f'(u2t-i) '■= 4, f'(u 2t ) : = 5, 
f'{u2t-\U2t) '■- 0, f'(u2tU2t+i) '■= 1, and f (u 2t -iu 2t +i) '■= 2. Next we assign a label in {3,4} - {/'(miWi)} to 
(wi, «2?+i) and a label in {2, 3,4} - {/'(miM2?+i),/'( m i w i)} to (u\,U2)- Then the resulting labeling /' is a (2,l)-total 
labeling of G. 

(1.1.4) Assume that f'(u\w{) — 6 and f (U2t+iw 2 t+i) =0. 

We can obtain a (2,l)-total labeling /' of G as follows. If t — 2, then let /'(w 2 ) '■= 3, /'(M3) := 1 , /'(M4) := 3, 
f'(u\U2) '■— 5, /'(«2«3) := 6, f'(u\u-s) :— 4, /'(M3M4) := 5, /'(M4M5) := 1, /'(M3M5) = 3, and f'(u\Us) := 2. 

Assume that f > 4. Let /' := We reassign labels for some vertices and edges similarly to (1.1.2) and 
(1.1.3). Namely, let /'(k 2 ) := 1, /'(w 3 ) := 2, f'(uiu 2 ) := 5, f'(u 2 u 3 ) := 6, /'(M1M3) := 4, f'(u 2t -i) := 4, 
/'(w 2 r) : = 5, f'(u2t-\U 2 t) : = 0, f'(u 2 ,u 2t+ i) := 1, f'{u 2t -\u 2t +\) := 2, and /'(mi« 2 , + i) : = 3. 

(1.2) Assume that f is odd; f = 2fc + 1 (& > 1) . 

(1.2.1) Assume that /'(«iWi) ^ 6 and /'(m 2 ?+iW2j+i) ^ 0. 

Let /'(k 2 ) := 6, /'(« 3 ) := 3, /'(a*) := 0, /'(m 5 ) := 4, /> 6 ) := 0, /'(«,) := 6, /'(ii 2 a 3 ) := 0, f'(u lU3 ) := 
6, /'(M3M4) := 5, /'(M4M5) : = 2, /'(M3M5) := 1, f'iu^u^) :— 6, f'iu^ui) :— 4, and f\u$ui) :— 0. For i = 
2,3, let /'(m 4/ ) := 0, /'(M4/+1) := 4, /'(w 4i +2) := 0, f'{u AM ) := 6, /'(M4/-1M4/) := 3, /'(m 4 /M4 1+ i) := 2, 
/'(m 4 h«4/+i) := 1, /'("4i+i"4(+ 2 ) := 6, /'("4i+2«4;+3) := 4, and /'("4;+i«4;+3) := 0. Denote this labehng /' 
by f 2 (see Fig. 01. We next assign a label {2,3,4} - [f\u\W\),f'(u 2t+ iW 2t +\)} to (mi,W2/+i) and assign a label in 
{2, 3,4}-{/'(miWi),/'(mi«2/+i)} to (hi, u 2 ). Reassign a label in {2, 3,4}-{/'(h 2 /+i W2i+i)>/'("i"2m-i)} to (zt 2 t, u 2 ,+\). 

(1.2.2) Assume that /'(M1W1) = 6 and f (u2 t +iW2t+\) + 0. 

Let /' := /2. We reassign labels for some vertices and edges as follows. Let f'iui) := 2, f'(uj) := 6, 
f'{u\U2) := 5, f'{u\ui) := 4, and /'(M3M4) := 3. Next we assign a label in {2,3} - {/'(«2(+iW2f+i)} to (wi, W2r+i). 
Reassign a label in {2,3,4} - {/'(uiM2f+i),/'(z*2«+iw 2 , + i)} to (m 2 „w 2 «+i)- 

(1.2.3) Assume that f'(u\Wi) + 6 and f (u 2t+ iw 2t +i) = 0. 

Let /' := /2. We reassign labels for some vertices and edges as follows. Let /'(w 2f _i) '■= 5, f'(u 2t ) : = 3, 
f'(u 2t -iu 2t ) : = 0, f'{u2tU2t+\) '■= L and f (u 2t -iu 2t+ i) :— 3. Next we assign a label in {2,4} - \f'{u\W\)} to 
(«i,«2f+i) an( J a label in {2, 3,4} - {/'(mivvi),/'(miM2/+i)} to (u\,u 2 ). 

(1.2.4) Assume that /'(miWi) = 6 and f (u 2t +iw 2 t+i) = 0- 



Fig. 3. A labeling f 2 on C. 



Let /' := f 2 . We reassign labels for some vertices and edges similarly to (1.2.2) and (1.2.3). Namely, let 
f'(u 2 ) := 2, /'(w 3 ) := 6, f'(uiu 2 ) := 5, f'(u\u-}) := 4, f'(u 3 u 4 ) := 3, f'(u 2t -i) : = 5, /'(m 2 /) := 3, f'{u 2t ^u 2l ) := 0, 
f'(u 2t u 2t+ i) := 1, /'(M2f-i«2f+i) := 3, and f'{u x u 2M ) := 2. 

(Case-2)Let/'( M i) := and f'(u 2l+l ) := 1. 

(2.1) Assume that f is even; f = 2L 

(2.1.1) Assume that /'(mjWi) + 2 and f'(u 2t+ i\v 2t+ \) & {3,4}. 

Let /'( M2 ) := 2, f'(u 3 ) := 6, /'(« 4 ) := 5, f'(u 5 ) := 1, /'(m 2 m 3 ) := 0, /'(mho) := 2, /'(w 3 zt 4 ) : = 1, 
/'(M4M5) := 3, and / '(K3M5) : = 4. For z = 2, 3, . . . , k, let /'(i<4<-2) := 4, /'(w 4 ;_i) := 0, f'{uu) := 2, f'(u4 i+l ) := 1, 
/'(M 4! '-3«4i-2) := 6, /'(m4/_2«4/-i) := 2, /'(w 4 i-3W4;-i) := 5, /'(M4i-i"4i) := 6, /'(m 4 ;M4;+i) := 4, and /'(«4i-i"4i+i) 
: = 3. Denote this labeling /' by /3 (see Fig.|4]i. 




Fig. 4. A labeling fa on C. 



Consider the case of t — 2. We assign a label {3, 5, 6} - {f'{u\W\), /'(W5W5)} to (u\, M5) and a label in {4, 5, 6} - 
{f'{u\W\),f'{u\Us)} to (u\,U2)- Reassign a label in {3,5,6} - {/'(W5W5), /'(M1M5)} to (1*4,^5). Then if /'(M4M5) e 
{5, 6), then reassign a label for 114 as f'(u4) := 3. 

Consider the case of t > 4. Assign a label {4,5,6} - {/'(wiWi),/'(w2m-iW2m-i)} to (mi,m 2 /+i) and a label in 
{4, 5, 6}-{/'0iWi), /'(mi«2/+i)} to (hi, k 2 ). Reassign a label in {4, 5, 6}-{/'(w 2t+ iW 2t+ i), /'("i«2t+i)} to (w 2t , 
Then if /'(k&w^+i) = 6, then reassign a label for (W2«-i, «2«) as f'(ii2t-\U2t) '■= 4. 

(2.1.2) Assume that /'(mivvj) = 2 and /'(w 2 j+iW 2(+ i) £ {3,4}. 
Let /' := / 3 . We reassign a label for (u\, W3) to 3. 

Consider the case of t — 2. Assign a label in {5, 6} — {/'(W5W5)} to (ui,us) and a label in {4, 5,6}- {/'(wiWs)} to 
u 2 ). Reassign a label in {3, 5, 6}— {/'(w5W5),/'(wiW5)} to (w 4 , M5). Then if /'(M4M5) e {5, 6}, then let /'(m 4 ) := 3. 
Consider the case of t > 4. Assign a label in {4,5,6} - {/'(w2f+iW2f+i)} to (Mi,W2r+i) and a label in {4,5,6} 

-{/'(mi«2/+i)} to (ui,u 2 ). Reassign a label in {4, 5, 6}-{f'(u 2t +i w 2 ,+\), /'(«i«2f+i)} to (h 2 „ u 2t+1 ). Then, if f'(u lt u lt+ {) 

= 6, then let /'(«2f-iM2/) := 4. 

(2.1.3) Assume that /'(wiWi) ^ 2 and f {u2t+\Wit+\) = 3. 

If f = 2, then we can obtain a feasible labeling similarly to (2.1.1). Consider the case of t > 4. Let /' := / 3 . 
Reassign a label for (w 2f _i, M 2 r+i) as /'(«2/-i«2r+i) : = 6. Next we assign a label in {4, 5} - {/'(wiwi)} to (wi, z<2f+i) 
and a label in {4, 5, 6} - {/'(wiM2r+i),/'( M iWi)} to (m, 1*2)- Reassign a label in {4, 5} - {/'( M i M 2/+i)} to (w 2f , w 2 f+i)- 
Then if f'(u 2t u 2t +\) = 4, then let f{u 2 t) '■= 6 and f{u2t-\u 2 t) '■= 3, and if /'(w2«"2m-i) = 5, then let f'(u2t-\u 2 t) := 
4. 

(2.1.4) Assume that /'(mivvi) ^ 2 and /'(w^+ifa+i) =4. 

If f > 4, then we can obtain a feasible labeling similarly to (2.1.1). Consider the case of t = 2. Let/' := /j. We 
reassign labels for (m 3 , M5) and M4 as /'(M3M5) : = 3 and/'(i<4) : = 3. Next we assign a label in {5, 6} - {f'{u\W\)} to 
(wi, W5) and a label in {4, 5,6}- {f'(u\us),f'{u\ w\)} to (wi, w 2 ). Reassign a label in {5,6}- {/'(M1M5)} to (u\, U5). 

(2.1.5) Assume that f'{u\W\) = 2 and /'(« 2 ;+iW 2 f+i) = 3. 

If f = 2, then we can obtain a feasible labeling similarly to (2.1.2). Consider the case of t > 4. Let /' := / 3 . 
We reassign labels for some vertices and edges similarly to (2.1.2) and (2.1.3). Namely, let f'(u\U2) := 4, 
f'imui) := 3, /'(«2<) := 6, /'(«2<-i"2f) := 3, /'("2t«2t+i) := 4, /'(«2<-iM2t+i) := 6, and /'(Hi«2r+i) := 5. 

(2.1.6) Assume that /'(mivvi) = 2 and f (ii2t+iW2t+\) =4. 

If f > 4, then we can obtain a feasible labeling similarly to (2.1.2). If t = 2, let /'(M2) := 2, f'(uj,) := 6, 
f'(u4) :— 3, f'(u.\ii2) '■— 5, /'(M2M3) := 0, f'(u\U?) :— 4, /'(M3M4) : = 1, /'(M4M5) := 5, /'(M3M5) = 3, and 
f'{u\u 5 ) := 6. 

(2.2) Assume that f is odd; f = 2fc + 1 (fc > 1) . 

(2.2.1) Assume that /'(wiwi) ^ 2 and /'(M2/+iW2»+i) ^5. 

Let/' ( H2 ) := 2, /> 3 ) := 6, /'(« 4 ) := 4, /'(m 5 ) := 0, /'(h 6 ) := 6, /'(w 7 ) := 1, /'(w 2 w 3 ) := 0, />ik 3 ) := 2, 
/'(M3M4) := 1 , /'(M4M5) := 6, /'(M3M5) := 4, f'(u^U(,) := 2, fiu^u-j) :- 3, and f'(u^uj) :- 5. For z = 2, 3, . . let 
/'(w 4 i) := 6, /'(«4i+i) := 0, /'(k 4!+2 ) := 6, /'(k 4!+3 ) := L f'im-iuu) := 4, /'(w 4i H 4i+ i) := 3, /'(k 4 ,_ik 4i+ i) := 6, 
/'(M 4 i+iM4j +2 ) := 2, /'(w4;+ 2 K4; +3 ) := 3, and /'(w 4 ;+ii< 4 i+ 3 ) := 5. Denote this labeling /' by /t (see Fig. [5). We next 
assign a label {3,4,6} - {/'( m i w i)>/'("2h-iW2h-i)} to (u\,U2 t +i). and a label in {4,5,6} - {/' '(u\W\), /'(M1M2H-1)} to 
(wi, w 2 ). Reassign a label in {3,4, 6} - {/'(m 2 j+iW 2/+ i),/'(«iM 2 j + i)} to (w 2f , U2t+\)- Then if f'(u 2t U2t+{) = 6, then let 
/'("2,):=4. 

(2.2.2) Assume that /'(mivvi) = 2 and f (u 2 t+iw 2 t+i) ^5. 

Let /' := / 4 . We reassign labels for some vertices and edges as follows. Let f'(u\U2) := 5 and f'(u\ui) : = 
3. Next we assign a label in {4,6} - {/' '(i^r+iw^+i)} to (mi,M2/+i)- Reassign a label in {3,4,6} - \f'{u\U2t+\), 
f'(u2 t+ \W2t+i)} to (U2„ k 2h .i). Then if /'(m 2 /«2/+i) = 6, then let /'(w 2 ,) := 4. 

(2.2.3) Assume that f'(u\W\) + 2 and /'(« 2 f+iW 2f+ i) = 5. 
Let/' :=/ 4 . 

First consider the case of t = 3. Let f'{u^) :- 2, f'iu^u^) :- 5, and /'(M5M7) := 3. Next we assign a label 
in {4,6} - {/'(mivvi)} to (u\,ui) and a label in {4,5,6} - {/'(miWi),/'(«iM7)} to (mi,m 2 ). Reassign a label in 
{4,6} - {/'(hiw 7 )} to (u 6 ,u 7 ). 

Next consider the case of t > 5. Let /'( M 2/-iM2r+i) := 4. Next we assign a label in {3,6} - {/'(wiwi)} to 
(u\,U2t+\) and a label in {4,5,6} - {/' '(u\W\), f '{u\U2t+\)} to (u\,U2)- Reassign a label in {3,6} - {/'(«iM2r+i)} to 
(u 2 „ u 2t+ \). Then if /'(« 2 ,« 2f+ i) = 6, then /'(m 2 ,) := 4. 

(2.2.4) Assume that /'(mivvi) = 2 and /'(k 2 j+iw 2 , + i) = 5. 

Let /' := /j. We reassign labels for some vertices and edges similarly to (2.2.2) and (2.2.3). Namely, if t — 3, 
let f'(u\u 2 ) := 5, f\u\U%) := 3, /'(%) : = 2, f'(u^U(,) := 5, f'(u(,u 7 ) := 6, /'(M5M7) := 3, and f'(u\u-i) :- 4. If 
f > 5, then let /'(kiW 2 ) := 5, /'(M1M3) := 3, /'(« 2 f-iM 2 f+i) := 4, and f'(u\U2t+\) '■= 6. 

(Case-3)Let /'(wi) := 1 and/'(« 2 f + i) := 2. 



Fig. 5. A labeling / 4 on C. 



(3.1) Assume that t is even; t = 2k. 

(3.1.1) Assume that f'(u\Wi) + 3 and / ' {uit+x^it+x) + 0. 

Let f'(u 2 ) := 0, f'(u 3 ) := 5, /'(« 4 ) := 3, f'(u s ) := 2, /'(m 2 « 3 ) := 2, /'( Mi m 3 ) := 3, f'(u 3 u 4 ) := 1, 
/'(M4M5) := 6, and /'(K3W5) := 0. For z = 2, 3, . . . , k, let fium-i) '■= 0, /'(«4i-i) := 6, /'(«4i) := 0, /'(«4,+i) := 2, 
f(uM-3UAi-i) ■= 5, /'("4i-2"4i-i) := 3, /'(m 4 ,_3«4 1 -i) := 4, f'(u4i-iU4i) : = 2, /'(H4i«4i+i) := 6, and /'(M4i-i«4i+i) 
: = 0. Denote this labeling/' by /j (see Fig . |6j ■ Assign a label {4, 5, 6}-{/'(MiWi),/'(t<2f+iw ; 2r+i)} to (wi, W2r+i) and 




Fig. 6. A labeling / 5 on C. 

a label in {4,5,6} - {f'(u 1 wi),f'(uiU2t+\)} to {u\,uj). Reassign a label in {4,5,6} - {/'(«2/+iW2(+iX/'(«iM2/+i)} 
to (ii2t, «2r+i)- Then if /'(M4W5) = 4, then let f'(u\) : = 6. 
(3.1.2) Assume that /'(mivvi) = 3 and /'( M 2/+iW2/+i) ^ 0. 

Let /' := fs. We reassign labels for some vertices and edges as follows. Let f'{u 3 ) := 6, /'(M2W3) := 3, and 
f'(u\Us) := 4. Assign a label in {5, 6}-{/'(«2t+i w 2/+i)} to (u\,ui t+ \) and a label in {5, 6} - {/'(«i«2f+i)} to («i> W2). 



Reassign a label in {4, 5, 6} - {/'(m 2 ,+iw 2 ,+i), f'{u\U2t+\)} to (u2t, «2«+i)- Then if /'(M4M5) = 4, then let f'(u\) : = 
and /'(M3M4) := 2. 

(3.1.3) Assume that f'(u\W\) + 3 and /'(«2m-iW2m-i) = 0. 
Let/':=/ 5 . 

Consider the case of t — 2. Let f'(uj,us) : = 4 and /'(M3) := 6. Next we assign a label in {5, 6} - {f'{u\W\)} to 
(«i, M5) and a label in {4, 5, 6} - {/'(uius), f'(u\W\)} to (wi, w 2 ). Reassign a label in {5, 6} - [f'(u\u^)\ to (u\, u$). 

Consider the case of t > 4. Let /'(m2»-i"2«+i) := 5, f'(u2t-i) '■= 1, and /'(«2»-i) : = 0. Next we assign a label 
in {4, 6 J - {/'(miWi)} to («i, «2f+i) and a label in {4, 5,6)- {/'(MiM2f+i),/'(«iWi)} to (u\,U2)- Reassign a label in 
{4, 6} - {/'(«i«2«+i)} to (m 2; , M2/+1). Then if /'(m 2( m 2 ,+i) = 4, then let f'(u 2t ) := 6, and if f'iuimt+i) = 6, then let 
/'(iia,) := 4. 

(3.1.4) Assume that /'(«iwi) = 3 and /'(M2/+1W2/+1) =0. 

If t = 2, let f'(u 2 ) := 2, /'(w 3 ) := 0, /'(w 4 ) := 6, f'(u lU2 ) := 6, /'(w 2 w 3 ) := 5, /'(«iw 3 ) := 4, /'(m 3 m 4 ) := 2, 
/'(M4M5) : = 4, /'(M3M5) = 6, and /'(M1W5) := 5. 

Consider the case of f > 4. Let /' := /s. We reassign labels for some vertices and edges similarly to (3.1.2) 
and (3.1.3). Namely, let /'(wih 2 ) := 5, /'(« 3 ) := 6, /*(«m 3 ) := 4, /'(« 2( - 2 ) := L /Wi) := 0, f'(u 2t ) := 6, 
/'(m 2 /m 2 , + i) := 4, / , («2f-i"2r+i) := 5, and /'(wik 2 h-i) := 6. 

(3.2) Assume that r is odd; f = 2fe + 1 (k > 1) . 

(3.2.1) Assume that/'(KiWi) + 3 and /'(«2/+i w 2 , + i) ^ 0. 

Let /'(w 2 ) := 0, /'( M3 ) := 5, f'(u 4 ) := 2, /'(h 5 ) := 6, /'(m 6 ) := 0, /'(m 7 ) := 2, /'(h 2 « 3 ) := 2, /'(um 3 ) := 3, 
/'(M3M4) := 0, /'(K4M5) := 4, /'(M3M5) := 1, /'(usue) := 2, f'(u(,uj) : = 6, and/'(M5«7) := 0. For i = 2,3, ... ,4, let 
/'(«4i) := 0, /'(«4i+i) := 6, /'(«4i+2) := 0, /'(z<4; +3 ) := 2, /'(H4;-iM4;) := 5, /'(m 4 ,«4 1+ i) := 3, /'(w4j-iM4;+i) : = 4, 
/'(m 4 , + iM4, +2 ) : = 2, /'(m4 !+ 2M4,+3) := 6, and /'(w4,+iW4, +3 ) := 0. Denote this labeling /' by /6 (see Fig.|7]l. We next 




Fig. 7. A labeling / 6 on C. 

assign a label {4, 5, 6} - {/'(wiWi), /'(w2M-i w 2f+i)} to («i, M 2f+ i) and a label in {4, 5,6}- {/'(wiWi),/'(wiW2h-i)} to 
(mi, K2). Reassign a label in {4, 5, 6} - {/'(«2«+iW2,+i), /'(wi«2t+i)} to (« 2 „ h 2 /+i)- 

(3.2.2) Assume that /'(mivvi) = 3 and f'(ii2t+\W2t+\) + 0. 

Let /' := f(,- We reassign labels for some vertices and edges as follows. Let f'(u\u{) := 6 and /'(M3) := 4. 
Next we assign a label in {4,5} - {f'(u2t+iW2t+\)} to (mi,m 2(+ i) and a label in {4,5} - {/'(mim 2/+ i)} to (mi,m 2 ). 
Reassign a label in {4, 5, 6} - {/'(mi« 2(+ i), /'(m 2(+ i w 2 ,+i)} to (m 2 „ m 2 /+i). 

(3.2.3) Assume that f'{u\W\) + 3 and f (u2t+iW2t+i) = 0. 
Let/':=/ 6 . 

First consider the case of t = 3. Let /'(M4) := 4, /'(W4M5) := 2, f'(usU(,) :- 3, and f'(usuj) : = 4. Next we 
assign a label in {5, 6} - {/'(«i wi)} to (mi, M7) and a label in {4, 5,6}- {/'(miWi),/'(mii<7)} to (mi, m 2 ). Reassign a 
label in {5, 6} - [f'(u\Ui)} to (t«6, uy). 



Next consider the case of t > 5. Let f'{u 2 t-2) '■= 6, f'imt-i) '•= 0, /'(M2/-3M2/-2) : = 4, /'(w2r-3M2/-i) := 5, 
and /'(w2r-iH2/+i) := 6. Next we assign a label in {4, 5} - {/'(wiwi)} to (wi,M2/+i) and a label in {4,5,6) - 
{/' '(u\wi), f '(u\U2t+i)} to (u\, m 2 ). Reassign a label in {4, 5} - {/'(miM2/+i)} to (u2t, W2r+i)- Then if f'{u2 t U2t+\) - 4 
(resp., 5), then let /'(«2t) '■= 6 (resp., 1) and /'(w2?-iK2t) '■= 2 (resp., 4). 

(3.2.4) Assume that f'(u\w{) = 3 and /'( M 2r+i w 2«+i) = 0. 

Let /' : = fe. We reassign labels for some vertices and edges similarly to (3.2.2) and (3.2.3). Namely, if 
t = 3, let f\u\ui) : = 4, f(u\ui) :- 6, f'{m) : = 4, /'(«4) := 5, /'(M3M4) :- 1, /'(W4W5) := 2, /'(u^us) :- 0, 
f'(usu^) := 3, f'iu^u-f) :- 6, f'(u$ui) := 4, and f\u\ui) := 5. If f > 5, then let f'(u\U2) := 5, f'(u\ui) := 6, 
/'(h 3 ) := 4, f'(u2t-2) ■= 6, f'(u 2t -i) := 0, /'(m 2 ,) := L /'(«2t-3"2t-2) := 4, /'("2f-3«2t-i) := 5, f'(u2t-iu 2t ) := 4, 
f'(u2tU2t+i) := 5, /'(M2»-i«2»+i) := 6, and/'(wi«2f+i) := 4. 

(Case-4) Let/'(«i) := 2 and/'fe+i) := 3. 

(4.1) Assume that f is even; f = 2fe. 

(4.1.1) Assume that/' («iwi) ^4 and /'(W2M-1W2H-1) ^ 1. 

Let /'(w 2 ) := 1, /'(w 3 ) := 6, /'(m 4 ) := 4, /'(w 5 ) := 3, /'(w 2 w 3 ) := 3, /'(mu 3 ) := 4, /'(m 3 m 4 ) := 2, 
/'(M4M5) := 0, and /'(H3W5) := 1. For ; = 2, 3, . . . , £, let /'(M41-2) := 2, /' (1*4,-1) := 4, /'(m 4 ;) := 5, /'(w4 !+ i) : = 3, 
/'(M4i-3«4i-2) := 5, /'(M4i-2«4i-i) := 0, /'(m4/-3«4 1 -i) := 6, /'(M4i-i"4i) := 2, /'(M4/M4/+1) := 0, and/'(M4f_iM 4 f + i) 
:= 1. Denote this labeling/' by / (see Fig. [8). Assign a label {0, 5, 6}-{f'{u[Wi), f'(u2t+iW2t+i)} to (mi,«2»+i) an d 




Fig. 8. A labeling fi on C. 



a label in {0,5,6} - {/'(wiWi),/'(miH2«+i)} to (111,2*2)- Reassign a label in {0,5,6} - {/'(m2/+iW2n-i),/'(hiH2/+i)} 
to (z<2f, «2f+i). Then if f(u\ui) — 0, then let f(u£) := 5, and if /'(«2f«2r+i) £ {5, 6}, then let /'(«2r) := 0. 

(4.1.2) Assume that /'(i^wi) = 4 and /'(«2t+iW2t+i) ^ L 

Let /' := /. We reassign a label for (mi,m 3 ) as f'{u\ui) := 0. Assign a label in {5,6} - {/' '(k2/+iW2*+i)} to 
(u\, «2/+i) and a label in {5,6} - {/' \u\U2 t +\)} to (ii\,Uz). Reassign a label in {0,5,6} - {/'(2<2h-iW2h-i)> /'(mi"2(+i)} 
to (m 2 ,, M2»+i)- Then if /'(2%«2f+i) e {5, 6}, then let f'(u 2t ) := 0. 

(4.1.3) Assume that /'(miWi) ^ 4 and f {u2t+\W2t+\) = 1- 
Let/' :=/ 7 . 

Consider the case of t — 2. Let /'(M3M5) := and /'(m 4 ) :— 0. Next we assign a label in {5, 6} - {f'{u\W\)} to 
(u\, U5) and a label in {0, 5, 6} - {/'(miM5),/'(mi wi)} to (u\,U2)- Reassign a label in {5,6}- {f'{u\us)} to (1*4, M5). 
Then if f'{u\U2) = 0, then let /'(m 2 ) := 5. 

Consider the case of f > 4. Let /'(M2/-iM2r+i) := 5, f'(u 2t -2) '■= 1, /'( M 2t-i) := 0, /'(w2r-2«2f-i) := 3, and 
f'(u2t) '■= 4. Next we assign a label in {0, 6}-{/'(«iWi)} to (mi,«2«+i) and a label in {0, 5, 6}-{/'(miM2m-i),/'(miWi)} 
to («i, i<2). Reassign a label in {0, 6} - {/'(mi«2*+i)} to (i<2»> «2/+i)- Then if f'(u\U2) = 0, then let /'(M2) := 5. 

(4. 1 .4) Assume that /'(«iwi) = 4 and f'(u2t+\W2t+i) = L 



If t = 2, let/'(M 2 ) := 4, /'(w 3 ) := 0, /'(w 4 ) := 1, /'(hih 2 ) := 6, f'(u 2 u 3 ) := 2, /'(win 3 ) := 5, f'{u 3 u A ) := 3, 
/'(M4M5) := 5, /'(M3M5) = 6, and /'(M1M5) := 0. 

Consider the case of f > 4. Let/' := /z. We reassign labels for some vertices and edges similarly to (4.1.2) and 
(4.1.3). Namely, let/'( Ml M 2 ) := 5, /'(wik 3 ) := 0, f'(u 2t - 2 ) := 1, /'(«2f-i) := 0, /'(h 2 ,) := 4, /'fe-^-i) := 3, 
/'(«2f-i«2f+i) := 5, and/'(wiK2,+i) := 6. 




Fig. 9. A labeling /g on C. 



(4.2) Assume that t is odd; f = 2k + 1 (& > 1) . 

(4.2.1) Assume that f'(u\W\) + 4 and f'(u 2 t+\w 2t +\) + 1. 

Let /'(« 2 ) := 1, /> 3 ) := 0, /> 4 ) := L /'(« 5 ) := 6, f(u 6 ) := 2, /'(m 7 ) := 3, /'(h 2 h 3 ) := 3, /'(«im 3 ) := 4, 
/'(M3M4) := 5, /'(M4M5) := 3, /'(M3M5) := 2, f'(u^u^) :— 4, f'iu^ui) :— 0, and/'(i<5M7) := 1. For z = 2, 3, . . let 
/'(w 4 i) := 2, /'(m4/+i) := 4, ,f'{u Ai+2 ) := 5, /'(K41+3) := 3, /'(M4i-i«4i) := 5, /'(M4/M4/+1) := 0, /(«4i-i«4i+i) := 6, 
/'(«4,' + i«4,' + 2) := 2, /'(z<4h. 2 W4; + 3) := 0, and /'(M4i + iM4,+3) := 1. Denote this labeling /' by /g (see Fig.|9). We next 
assign a label {0,5,6} - {/'(z<iWi),/'(z< 2f+ iW 2r+ i)} to (u u u 2t+l ) and a label in {0,5,6} - {/'(wiWi),/'(MiM 2f+ i)} to 
(u\,ui). Reassign a label in {0,5,6} - {f'(u2t+iW2t+i),f'(u\U2t+i)} to (w 2 f,z< 2 f + i). Then if f'(u\u 2 ) = 0, then let 
/'(w 2 ) := 5, and if f'(u2tU 2t+ \) e {5,6}, then let f\u 2t ) := 0. 

(4.2.2) Assume that /'(«iwi) = 4 and /'(W2/+1W2/+1) ^ 1. 

Let/' := /g. We reassign a label for («i, M3) as f'(u\u 3 ) : = 6. Next we assign a label in {0, 5}-{/'(m 2(+ iW 2 m-i)} 
to (u\, M 2f+ i) and a label in {0, 5}-{/'(him 2 /+i)} to (u\,u 2 ). Reassign a label in {0, 5, 6}-{f'(uiu 2t +\), /'(« 2 r + iW 2 t+i)} 
to (« 2 /, uit+\)- Then if /'(M1M2) = 0, then let /'(z< 2 ) := 5, and if /'(« 2 fM 2 ;+i) e {5, 6}, then let /'(«2<) := 0. 

(4.2.3) Assume that /'(mivvi) # 4 and /'(w 2 f+iW2H-i) = 1. 
Let/' :=/«. 

First consider the case of t = 3. Let /'(H5M7) := 0. Next we assign a label in {5,6} - {/'(wiwi)} to {u\,u-j) 
and a label in {0, 5, 6} - {/'(miWi),/'(miM7)} to (hi, w 2 ). Reassign a label in {5,6}- {/'(M1M7)} to (i<6, uj). Then if 
f'(u x u 2 ) = 0, then let /'(w 2 ) := 5. 

Next consider the case of t > 5. Let f'(u 2t - 2 ) := 0, f'(u 2 ,-i) := 1, /'(w 2 r- 2 " 2 f-i) := 4, f'(u 2t -\u 2t ) := 3, 
and /'(w2t-i«2f+i) ; - 5. Next we assign a label in {0,6} - {/'(miWi)} to (u\,u 2t+ \) and a label in {0,5,6} - 
{/'(miWi),/'(mi«2/+i)} to (u\,u 2 ). Reassign a label in {0,6} - {/'(mi«2/+i)} to (z< 2f , m 2h -i). Then if f'{u\u 2 ) = 0, 
then let f'(u 2 ) := 5, and if f'{u 2t u 2t+ \) = 6, then let f'(u 2t ) := 0. 

(4.2.4) Assume that /'(«iWi) = 4 and /'(M2/+iW2f+i) = L 

Let /' := /g. We reassign labels for some vertices and edges similarly to (4.2.2) and (4.2.3). Namely, if t — 3, 
let f'(uiu 2 ) := 0, f'(u\u{) := 6, f'(u 2 ) := 5, f'(u^uj) := 6, f'(usuj) := 0, and f'(u\u-i) :- 5. If f > 5, then let 
f'(uiu 2 ) := 5, /'(M1H3) := 6, /'(w 2f - 2 ) := 0, /'(w 2f -i) := 1, /'(z< 2 *) := 0, /'(H 2f _ 2 « 2t _i) := 4, /'(m 2 ,_ih 2 ,) := 3, 
/'(m 2( m 2 , + i) := 6, /'(M2f-i«2f+i) := 5, and /'(wiw 2r+ i) := 0. □ 
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